The quantum criticality of the two-lead two-channel pseudogap Anderson model is studied. Based on the non-crossing approximation, we calculate both the linear and nonlinear conductance of the model at finite temperatures with a voltage bias and a power-law vanishing conduction electron density of states, ρc(ω) ∝ |ω − µF | r (0 < r < 1) near the Fermi energy µF . Equilibrium and nonequilibrium quantum critical properties at the two-channel Kondo (2CK) to local moment (LM) phase transition are addressed by extracting universal scaling functions in both linear and non-linear conductances, respectively. Clear distinctions are found on the critical exponents between linear and non-linear conductance. The implications of these two distinct quantum critical properties for the non-equilibrium quantum criticality in general are discussed.
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Motivated by these developments, we address the 2CK-LM quantum phase transition in the two-channel pseudogap Anderson model both in and out of equilibrium in a Kondo quantum dot subject to a voltage bias and finite temperature. By studying experimentally accessible steady-state transport, we search for universal scalings in both linear and non-linear conductance near criticality via a large-N method based on Non-Crossing Approximation (NCA) [8, [31] [32] [33] , a reliable approach for multi-channel Kondo systems with non-Fermi liquid ground states. A fundamentally important but less addressed issue-non-equilibrium quantum criticality-is emphasized here by identifying and comparing different universal scaling behaviors between equilibrium (zero bias) and non-equilibrium (finite bias) conductances near the 2CK-LM transition [34] .
II. THE MODEL HAMILTONIAN.
The Hamiltonian of the two-lead two-channel singleimpurity pseudogap Anderson model is formulated within the Non-Crossing Approximation (NCA) [8, [31] [32] [33] , a large-N approach based on the SU (N ) × SU (M ) generalization of the SU (2) model with N → ∞, M → ∞ being the number of degenerate flavors of spins σ =↑ , ↓, · · · N and the number of Kondo screening channels K = 1, 2, · · · M . In the physical SU (2) two-channel Kondo system, N = M = 2. The two leads are described by a power-law vanishing density of states (DOS) at Fermi energy defined as ρ c (ω) ∼ |ω| r Θ(D − |ω|) with 0 < r < 1, where D = 1 is the bandwidth cutoff. Graphene and highT c -cuprate superconductors are possible realizations of the pseudogap leads with r = 1, while semiconductors with soft gaps are candidates with 0 < r < 1. The Hamiltonian reads [8, 32] 
where The Hamiltonian Eq. (1) can be solved via NCA in the large-U limit U → ∞ with the following Hamiltonian in the pseudofermion slave-boson representation:
where the local (impurity) electron operator d † σ,τ is decomposed in the pseudofermion representation as a product of pseudofermion f † σ and a slave-boson
the Lagrange multiplier λ to ensure single occupancy on impurity.
Here, we employ the NCA to address the equilibrium and non-equilibrium transport at criticality based on Eq. (1). This approach has been known to correctly capture the non-Fermi liquid properties of the two-channel Anderson model [4, 28, 29] . Recently, it has been generalized to address the 2CK-LM crossover in non-equilibrium transport in a voltage-biased 2-channel pseudogap Anderson model with r = 1, relevant for graphene [30] . We generalize this approach here further to the voltage-biased 2-channel pseudogap Anderson model with 0 < r < 1.
Within NCA, the Green's functions for the conduction electrons G σ,iλ (t), pseudo-fermions G f σ (t), and the slave bosons D(t) are given by [8, 32] : 
and
where the notation < and > represents lesser and greater Green function. The lesser (greater) Green functions can be written as [8, 32] :
where D a(r) (ω) and G a(r) f σ (ω) are advanced (retarded) Green function of boson and fermion, respectively, and the subscript iλ refers to the enforcement of the local constraint on the impurity via Lagrange multiplier λ when evaluating these correlation functions. The Π >(<) (ω) and
f σ (ω) are the self-energies of slave-boson and pseudofermion greater (lesser) Green functions, respectively. The NCA expressions for the lesser self-energy of the pseudofermion, [8, 30, 32] : 
are given by [8, 30, 32] :
The physical impurity spectral function, ρ σ (ω, V ), is obtained via the convolution of pseudo-fermion and slaveboson Greens function based on Eqs. (7), (8), (9), and (10) as [30] :
The normalization factor
] enforces the constraint, < Q >= 1 with M = N = 2 here. The current going through the impurity therefore reads [30] : where Γ α (ω) = Γ(ω − µ α ) with α = L, R. The equilibrium (linear) conductance is directly obtained via
And the nonlinear conductance G(V ) is given by
dV . Eqs.(6)-(10) form a self-consistent set of Dyson's equations within NCA. We solve these equations selfconsistently and evaluate Eqs.(11)-(13) based on these solutions.
III. RESULTS.
A. Quantum critical point at 2CK-LM phase transition: impurity spectral function
The existence of a quantum critical point (QCP) separating 2CK for r < r c from the LM for r > r c phases exists in the PSG Anderson model has been studied extensively [28, 35] . The generic phase diagram is shown as in Fig. 1 . We focus here on the transport properties for the two-lead setup near criticality both in and out of equilibrium, especially on the distinct non-equilibrium quantum critical properties (see Fig. 1 ). In equilibrium (µ α = 0), the 2CK-LM phase transition is studied here by tuning r of the pseudogap power-law DOS of the leads with fixed hybridization parameter Γ α and the impurity energy ǫ d . The value of r c is extracted from the local impurity spectral function ρ σ (ω, V = 0) via solving the self-consistent Dyson's equations. Since 2CK pseudogap Anderson model considered here shows particle-hole (ph) asymmetry, giving rise to an overall asymmetric impurity spectral function with respect to the Fermi energy (see Fig. 2 ). For r < r c , ρ σ (ω) shows a non-Lorentzian Kondo peak, a characteristic of the nonFermi liquid 2CK state [4, 8] . In fact, ρ σ (ω) exhibits a power-law singularity near ω = 0 with an exponent being r: ρ σ (ω) ∼ ω −r [28] . With increasing r, the Kondo peak gets narrower with reduced spectral weight. For r ≤ r c , however, the Kondo peak splits into two, and the ground state is in the LM phase. The critical value r c ≈ 0.115 for Γ α ∼ 0.3D, ǫ d ∼ −0.2D (see Fig. 2 ). The spectral weight of the Kondo peaks gets further suppressed with increasing r until it completely disappears. At a finite bias voltage for r < r c , the impurity local DOS shows splited Kondo peaks at ω = ±V /2 (see Fig. 3 ). Note that the non-zero local DOS of ρ σ (ω = 0) for r > r c is due to the limitation of the lowest temperature T 0 ∼ 5 × 10 −7 D we can reach numerically. As T → 0 and for r ≥ r c , we expect a complete dip developed in local DOS such that ρ σ (ω = 0) ∼ 0. −5 D being the 2CK Kondo temperature at r = 0 and B r being a non-universal constant. Here, we set G(0, 0) ≃ G(0, T 0 = 5 × 10 −7 D). For 0 < r < r c , however, the 2CK √ T scaling in G(0, 0) − G(0, T ) ceases to exist. As shown in Fig. 4 , the √ T behavior in G(0, 0) − G(0, T ) is clear for r = 0, but it deviates from √ T more with increasing r < r c . We propose that this deviation from the conventional 2CK behavior for T < T 2CK for 0 < r < r c can be due to the following two scenarios: (i). the emergence of distinct universal power-law scaling behaviors when the system approaches the 2CK-LM quantum critical regime for T > T * with T * being the crossover energy scale above which quantum critical behaviors are observed, and (ii). the existence of a distinct 2CK scaling form other than √ T in conductance in low temperature regime T < T 2CK for 0 < r < r c with T 2CK being the two-channel Kondo temperature for 0 < r < r c . As indicated in Fig. 5 , the generic 2CK behaviors for 0 < r < r c can not be manifested in G(0, 0) − G(0, T ) as an universal power-law in T as it does for r = 0 case. Therefore, instead of analyzing G(0, 0) − G(0, T ), we therefore address the above two scenarios below via trying the possible scaling behaviors of G(T ) itself. First, as r → r c , the existence of a quantum critical regime for T > T * requires the divergence of the correlation length ξ in a power-law fashion: ξ ∝ |r − r c | −ν → ∞ [1, 2] . As a result, all thermaldynamical observables, including conductances, are expected to exhibit universal scaling properties. As shown in Fig. 6 , we indeed find numerically that the linear conductance G QCP (0, T ) shows an universal power-law in T near criticality within a temperature range of (approximately) 5 × 10 −7 D < T < 5 × 10 −4 D as:
where the exponent σ T exhibits a linear relation to |r−r c | with β T ≈ −0.145 and α T ≈ 1.25 being non-universal constant pre-factors dependent on Γ and ǫ d , and T σT = T βT as r = r c ∼ 0.115. Based on the above analysis, we divide G(0, T ) by the power-law function T σT , gives:
where G QCP (0, T ) in the quantum critical region becomes a constant: G QCP (0, T ) ∼ G 0 QCP . The universal scaling function G(0, T T * ) in linear conductance is obtained by rescaling G(0, T ) by a non-universal factor Σ r and T by the crossover energy scale T * (see Fig. 6 ):
where T * is proportional to the inverse of correlation length 1/ξ T ∝ |r − r c | νT , vanishing in a power-law of |r − r c | with the exponent ν T being the correlation length exponent:
with ν T being the correlation length exponent corresponding to the power-law exponent of crossover scale T * versus |r − r c |. We find ν T ∼ 4 here. (see Inset of Fig. 6 ). As r → r c from below, we find a perfect data collapse in G(0, T T * ) ≈ const. for 1 < T /T * < 10 3 , indicating the range of quantum critical region. Surprisingly, at low temperatures T < T 2CK ≈ 0.1T * where the system is governed by the 2CK phase, we find the above function G(0, T T * ) exhibits as a distinct universal function power-law scaling function (see Fig. 6 ):
with σ T 2CK ∼ 0.23 for the parameters we set (or equivalently G( We now add the bias voltage in the leads and study the scalings in non-equilibrium conductance near 2CK-LM quantum critical point. It is generally expected that the scaling behaviors of non-linear conductance near criticality are distinct from that in equilibrium [5] . The nonlinear conductance G(V, T 0 ) is obtained at a fixed low temperature T 0 = 5 × 10 −7 , symmetrical hybrizidation Γ L = Γ R = 0.3D, and ǫ d = −0.3D. As shown in Fig. 7 , the non-linear conductance G(V, T 0 ) for each value of r saturates as V → 0, while a small "kink"-like minima in conductance is developed at eV ≈ k B T . For r = 0 and T < T 0 2CK , it follows the well-known 2CK scaling [8] : for eV ≫ k B T 0 . However, for 0 < r < r c as the system gets closer to criticality, while (
Furthermore, similar to the case in our analysis for equilibrium conductance, as indicated in Fig. 8 , the universal 2CK behavior in non-linear conductance for 0 < r < r c in general are not manifested in G(0, T 0 ) − G(V, T 0 ) in the power-law fashion as it is for r = 0 case. We therefore analyze the universal scaling properties based on G(V, T 0 ) itself rather than G(0, T 0 )−G(V, T 0 ). We perform the similar analysis here to that in equilibrium. As r → r c , we find G(V, T 0 ) shows a power-law dependence on V in the quantum critical regime approximately 10 −4 < V /D < 10 −6 , defined as G QCP (V, T 0 ) with power-law exponent linear in |r − r c |:
with β V , α V being non-universal prefactors dependent on Γ and ǫ d . At criticality r = r c , σ V ∼ 0, yielding a constant non-linear conductance:
We further perform a re-scaling on G(V, T 0 ) as:
whereG(V, T 0 ) becomes a constant in the critical regime. We may further define the universal scaling function G( V V * , T 0 ) for non-linear conductance via the following re-scalings: (21) where V * is the crossover energy scale, and Σ r a nonuniversal constant pre-factor. Here, we find the exponent σ V depends linearly on |r − r c | with
by the best fit of the data (see Inset of Fig. 9) , and the crossover scale V * is inversely proportional to the correlation length ξ V with a power-law dependence on the distance to criticality: V * ∝ 1 ξV ∝ |r − r c | νV with ν V ∼ 0.5 (see Inset of Fig.9 ). Note that these critical exponents out of equilibrium are distinct from those in equilibrium, and can be considered as characteristics of non-equilibrium quantum criticality. The distinction between equilibrium and nonequilibrium quantum critical properties is expected due to the different role played by the temperature and voltage bias near criticality, leading to different behaviors in decoherence rate Γ s (the broadening of impurity DOS) in equilibrium Γ s T versus out of equilibrium Γ s V [5, 36] . For T 0 < V < V * , the system approaches 2CK state at a characteristic energy scale V ∼ V 2CK ≈ 0.1V * below which an universal power-law scaling is observed (see Fig. 9 
where the exponent σ V 2CK ∼ 0.23. In the low bias limit V < T 0 , conductance reaches a constant equilibrium value G(0, T 0 ) and therefore deviates from the 2CK scaling (see Fig. 9 ).
Note that we find Eq. (22) for non-equilibrium conductance to exhibit the same form as that in equilibrium in Eq. (18) In conclusions, we have studied quantum phase transitions in and out of equilibrium between two-channel Kondo and local moment phases in the two-channel pseudogap Anderson model where the conduction leads show a power-law vanishing density of states with exponent 0 < r < 1. Via Non-Crossing Approximation (NCA), we solved self-consistently for the impurity Green's function, and therefore determined the linear and non-linear conductances. The 2CK-LM quantum criticality is reached by varying the power-law exponent r of the pseudogap conduction bath with fixed lead-dot hybridizations and chemical potentials. The linear G(V = 0, T ) and nonlinear G(V, T 0 ) (T 0 ∼ 5 × 10 −7 D) conductances show distinct universal power-law scalings near criticality with different critical exponents. Furthermore, in the 2CK regime T, V < T 2CK , we also find different characteristic power-law scalings in G(T ) and G(V, T 0 ) compared to the well-known √ T , √ V scalings for G(0, 0) − G(0, T ) and G(V, 0) − G(V, T 0 ), respectively. Our results provide further insights on two-channel Kondo physics and on the non-equilibrium quantum criticality in nano-systems. Further analytic and numerical investigations are needed to address issues on the mechanism behind the different scalings between equilibrium and nonequilibrium conductances.
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